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Abstract
Background: Pulmonary arterial hypertension is a rare and lethal disease affecting
small diameter pulmonary arteries and leading to a progressive increase of the right
vascular resistances. Patients with such a disease have no specific symptom, a feature
which delays the diagnosis by 18 months to 2 years in average. In most cases, pulmonary
arterial hypertension is diagnosed when the cardiac output is already reduced,
inevitably leading to death when the disease is not efficiently treated. During the
evolution of the disease, the right ventricle is clearly affected in two different ways: first
the thickness of its walls increases (compensation) and second the ventricle inflates
(decompensation). The latter phase remained unexplained.
Methods: We developed a dynamical model of the cardiovascular system in order to
explain such a feature by regulation mechanisms. Since pulmonary arterial hypertension
is a slowly evolving pathology, we took into account long-term regulation mechanisms
as the myocardial development (muscular heart development); we only considered the
heart rate variations among the short-term regulation mechanisms.
Results: Using a static model, we showed that the two phases observed during the
evolution of pulmonary arterial hypertension can be explained by the interplay
between the right and left ventricles. We then showed that our dynamical model can
reproduce the heart remodeling during these two phases (compensation and
decompensation of the right ventricle). After the compensation phase, the right
ventricle can no longer maintain the cardiac output without the help of the left
ventricle, which produces a part of the required work with the side effect of inflating
the right ventricle.
Conclusion: By taking into account slow regulation mechanisms, the cardiac
remodeling during pulmonary arterial hypertension was reproduced. We thus showed
that the two phases observed during the increase in the pulmonary arterial resistance
result from an interplay between the left and right ventricles.
Keywords: Pulmonary arterial hypertension, Heart remodeling, Right ventricle
dysfunction, Nonlinear dynamical model
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Background
Pulmonary arterial hypertension is a rare and lethal disease which can designate right ven-
tricular dysfunction, mitral valve stenosis, congenital heart disease, pulmonary parenchy-
mal disease, interstitial lung disease, etc. [1]. This pathology affects small diameter
pulmonary arteries and leads to a progressive increase in the right vascular resistances [2].
It was first identified by ERNST VON ROMBERG in 1891 [3]. The hemodynamic definition
of a pulmonary arterial hypertension is that the mean pulmonary arterial pressure at rest
greater than 25 mmHg [2, 4]. This disease can be hereditary or can occur in a sporadic
way [2].
Patients with a pulmonary arterial hypertension have no specific symptom and com-
monly present fatigue and dyspnea [4], a feature which delays on average the diagnosis
by 18 months to 2 years [1]. During the first phase of the disease, the right ventricle
compensates the increase of the pulmonary resistance, in such a way that i) the cardiac
output is preserved and ii) the mean hemodynamic is slightly or even not affected [5].
A second phase occurs when the right ventricle can no longer ensure the cardiac out-
put due to the increased pulmonary resistance; it thus decompensates and inflates, the
latter feature being not yet explained. In most cases, pulmonary arterial hypertension
is diagnosed only when the cardiac output is already reduced [4], affecting the survival
prognosis when the disease is not efficiently treated [1, 4]. Thus, patients can suffer from
idiopathic pulmonary hypertension during 2.8 years on average before receiving specific
treatments [2].
The right ventricle remodeling is concomitant with an increase in the pulmonary
resistance (Fig. 1). When the pulmonary arterial pressure progressively increases from
a normal value (Fig. 1a) to a value corresponding to a light pulmonary hypertension
(Fig. 1b), pulmonary arteries are slightly vasoconstricted, a feature which can be associ-
ated with an early loss of endothelial cells; during this phase the right ventricle becomes
hypertrophied [5]. When the pulmonary arterial hypertension further increases due to a
vascular remodeling (Fig. 1c), the right ventricle can no longer compensate the rise of the
pulmonary vascular resistance, inducing a failure. The right ventricle thus inflates. This
phase is also associated with a proliferation of endothelial cells.
In the present work, our objective is to show that, when a pulmonary arterial hyper-
tension develops, the two phases observed in the right ventricle can be understood when
hemodynamical interactions between the right and left sides of the heart are taken into
account (the mechanical coupling between the two sides of the heart via the septum is
here neglected). Since the right ventricle can no longer correctly provide the required
cardiac output, we assumed that the left ventricle greatly assists the right ventricle, thus
inducing an increase of the pressure in the venous systemic circuit (therefore in the right
atrium input), which in turns produces an inflation of the right ventricle.
The first modeling of the cardiovascular system dates back from the 19th century: it was
used to understand how the cardiovascular system works in physiological and pathologi-
cal cases [6]. In 1735, HALES measured for the first time the blood pressure of the arterial
system and noticed that it changes during the cardiac cycle [7]. He also suggested that this
pressure variation was the consequence of the arterial elasticity. In 1827 WEBER [8] pro-
posed a comparison between the arterial elasticity and the Windkessel effect observed in
a pumping system of fire service [9]. Such analogy then allowed to explain the exponen-
tial fall of the aortic pressure during the diastole with a characteristic time τ = RsCaorta




Fig. 1 Schematic progression of a pulmonary vascular disease and its effects on the heart and pulmonary
arteries geometry. Starting from a physiological situation (a), the pulmonary arterial pressure slightly
increases, inducing an hypertrophy of the right ventricle and a slight vasoconstriction of pulmonary arteries
associated with an early loss of endothelial cells: this is the compensation phase (b). A significant increase of
the pulmonary arterial pressure due to a strong diameter reduction of pulmonary arteries induces a serious
inflation of the right ventricle associated with an endothelial cells proliferation: this is the failure
(decompensation) phase (c). Adapted from [5]
where Rs is the systemic resistance and Caorta the aortic compliance. Other models inher-
ited from this approach were thereafter proposed and took into account the blood inertia
through an inductive effect [9, 10].
The weakness of these models is that they did not describe the cardiovascular system
as a whole. In 1964, DE PATER and VAN DEN BERG suggested an electrical analogy of the
different hemodynamic components to develop a model of the entire circulatory system
which was validated by numerical simulations [11]. In this model, the cardiovascular sys-
tem was split in two parts: the heart as an active component and the blood vessels as
passive components.
Many recent models of the cardiovascular system used a similar structure. Depend-
ing on the specific pathology they were supposed to explain, these models were made
of some components which were only described simply while some others were more
accurately detailed [12–14]. Among dynamical models for the whole cardiovascular sys-
tem, only a few of them took into account the cardiac output regulation [15]. When
pulmonary arterial hypertension is considered, a description of fast (as heart rate vari-
ations) and slow (as myocardial development) regulation mechanisms is required to
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understand the two phases observed during the development of this disease. In the
1960s and 1970s, GUYTON et al. proposed some descriptions of the different regulation
mechanisms [16, 17], but their model became rather complex and was subject to some
criticisms [18].
To validate our hypothesis according which the left ventricle must assist the right one to
preserve the cardiac output, we started with a simple static model to compare the power
delivered by each ventricle in different situations. We then developed a dynamical model
of the cardiovascular system to better understand how the regulation mechanisms induce
a heart remodeling due to chronic disease and to reproduce the different phases occurring
during a pulmonary arterial hypertension as previously discussed (Fig. 1). This will be
achieved by modeling the cardiovascular system of a subject initially healthy and whose
pulmonary resistance is slowly increased.
Methods
A simple static model
We started with a simple static model: all capacitive and inductive effects were neglected.
Thus we described the left side of the heart (made of the left atrium and the left ventricle)
and the right side of the heart (the right atrium and the right ventricle) by voltage gen-
erators; the systemic and pulmonary circuits were only considered as resistive elements
(Fig. 2). We also supposed that the pulmonary venous pressure remains constant.
Normal situation
Let us assume that the cardiac output Qc of a healthy subject at rest is 5 l/min. Mean
pressures at different locations in the cardiovascular system are⎧⎪⎪⎪⎨
⎪⎪⎪⎩
Paa = 95 mmHg aorta
Pvc = 3 mmHg vena cava
Ppa = 11.6 mmHg pulmonary artery
Ppv = 8 mmHg pulmonary vein.
Fig. 2 Illustration of the blood circulation as considered in our static model. The blood circulation system is
viewed as an electrical circuit with two voltage sources corresponding to the two sides of the heart, and two
resistances, the first one being associated with the systemic circuit and the second one with the pulmonary
circuit
Kerfourn et al. EPJ Nonlinear Biomedical Physics  (2016) 4:1 Page 5 of 24
We supposed that the vena cava and pulmonary vein pressures are equal to the right and
left atrial pressures, respectively. The powers delivered by the heart to ensure the cardiac
output in the systemic and pulmonary circuits are given by{Pr = Pr · Qc
Pl = Pl · Qc
(1)
where Pl/r is the gradient of pressure between the input and the output of the left/right




) · Qc = 0.967 W. (2)




) · Qc = 0.0956 W, (3)
which is thus approximately equal to 10 % of the power delivered by the left side of the
heart. From this point of view the right side of the heart is rather weak compared to the
left side.
Sustained exercise situation
To have a better perception of the ratio between the powers delivered by the right and left
sides of the heart, we considered a well trained athlete. The values thus obtained will serve
as references for discussing what may occur in the case of a pulmonary arterial hyper-
tension. Let us suppose that, at exercise, athlete’s heart can produce a cardiac output Qc
up to 25 l/min [19] and an average aortic pressure up to 200 mmHg [20]. We considered
different exercise levels with the terminology suggested by BROWN et al. [19]. We esti-
mated the aortic pressure at different exercise levels by a linear interpolation as suggested
by these authors. The pulmonary arterial pressure thus depends on the cardiac output Qc
according to
Ppa = 0.94Qc + 6.9 (4)
which was obtained from the data provided in [21] and where the pressure is given
in mmHg and the cardiac output in l/min. These data allow to compute the powers
developed by the right and left sides of the heart during exercise (Table 1).
Pulmonary arterial hypertension
We now consider a patient suffering from a light pulmonary arterial hypertension, that is,
from a pulmonary arterial hypertension compensated by a hypertrophy of the right side of
the heart which still ensures the nominal cardiac output. The pulmonary arterial pressure
is set to Ppa = 25mmHg. The delivered power by the right ventricle at rest (Qc = 5 l/min)
Table 1 Hemodynamic characteristics for different exercise levels
Exercise Qc Paa Ppa Pl Pr
level (l/min) (mmHg) (mmHg) (W) (W)
Maximal 25 200 30.4 10.67 1.522
Heavy 17 157 22.9 5.63 0.752
Light 9 115 13.4 2.14 0.208
Rest 5 95 11.6 0.967 0.0956
Data are linearly interpolated between rest and maximal exercise values of a hobbyist athlete. Pulmonary arterial pressure is
obtained using the linear regression (4)





) · Qc = 0.244 W, (5)
that is, the power provided during a light exercise (see Table 1 for comparison). There is
no significant symptom.
Let us now consider a patient presenting a pulmonary arterial hypertension associated
with a right ventricular failure (Fig. 1c). In this case, we considered a pressure P′pa equal to
50 mmHg. The power delivered by the right side of the heart to ensure the cardiac output
at rest is now
P ′r = (P′pa − Pvc) · Qc = 0.522 W. (6)
It corresponds to a power greater than twice (251 %) the power delivered during a light
exercise. Moreover, contrary to an exercise for which the power increase is only deliv-
ered for a short duration, the cardiac power is here continuously delivered as for a patient
with a pulmonary arterial hypertension: this could be a first explanation for the breath-
lessness symptom commonly associated with this pathology. Breathlessness here refers to
the fact that the right ventricle is working at its maximum capacity thus inducing a poor
oxygenation of the blood. The body would search for a more optimal solution for spend-
ing its energy since, in decompensated patients with a pulmonary arterial hypertension,
the work required to ensure the cardiac output cannot be exclusively delivered by the
right side of the heart. The power increase (0.426 W) that the right side of the heart has
many difficulties to deliver could be very easily supplied by the left side of the heart, at
least from the power point of view. Consequently, during the decompensation phase, the
right ventricle fails to eject sufficient blood causing congestion and hence an increase in
pressures. Contrary to what happens during the compensation phase, the power that the
right ventricle is no longer able to deliver would be provided by the left ventricle; the right
ventricle would thus work as it would do in a normal situation. In that case, to be able
to deliver the required power in the pulmonary circuit, the left side of the heart would
increase the mean pressure in the whole systemic circuit by 38.4 mmHg, increasing the
vena cava pressure up to P′vc = 41.4mmHg and inducing an increase of the aortic pressure





· Qc = 0.0956 W, (7)





) · Qc = 1.39 W, (8)
that is, a power still significantly less (65 %) than the one produced during a light exercise.
According to our assumption, the heart has a great energetic advantage (from the working
condition point of view) to ensure the cardiac output by the left side of the heart rather
than by the right side.
This relay by the left heart has a side effect since the right side of the heart is over-
pressurized by 38.4 mmHg. Using the compliance of the right ventricle
C = dVdP = 4 cm
3/mmHg (9)
as provided in [22], an increase of the pressure by 38.4 mmHg in the right side of the
heart implies an increase of its volume by 153.6 ml, that is, its volume roughly doubles, a
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result which is in agreement with the right ventricle dimensions observed in patient with
a pulmonary arterial hypertension [23].
This simple static model does not allow to determine more exactly the respective con-
tributions of the two sides of the heart for delivering the cardiac output. Nevertheless, it
evidences that the left side of the heart could assist in a certain way the right side and
allows to explain why the right side of the heart inflates during the decompensation phase.
A more precise understanding of such assistance should be obtained with a dynamical
model describing the cardiovascular system, taking into account a description of the main
regulation mechanisms involved in chronic cardiac failure. It will therefore be possible
to follow the evolution of the heart function when the pulmonary resistance is varied
from a value corresponding to an healthy subject to a value associated with a patient in a
decompensation state.
A dynamical model
Our aim is now to develop a dynamical model to understand the progression of the heart
function during the development of a pulmonary arterial hypertension. One of the car-
diovascular system functions is to control blood gas and the concentration of diverse
elements (nutrient, waste, etc.) carried by blood. Practically, its actions are rather lim-
ited: the heart can only vary the cardiac output and the pressures; it does not have a
direct influence on other factors. Consequently we focused our model on the control of
the delivered cardiac output Qcd onto a required cardiac output Qcr, ignoring complex
underlying mechanisms.
Moreover, pressure and cardiac output variations during the cardiac cycle are not con-
sidered: for each cardiac cycle, only average values are taken into account. Since ourmodel
does not consider events shorter than a heart beat, capacitive and inductive effects due to
blood inertia and vessel elasticity are neglected: we thus considered that the pulmonary
and systemic circuits are only resistive. Since our aim is to reproduce the cardiac remodel-
ing due to a long-term disease, the vasoconstriction and vasodilation were also neglected
and, consequently, the pulmonary and systemic resistances only change at a low rate.
Atria are not described in our model which therefore only considers a two-cavity heart,
meaning that atria only play the role of buffer tanks when the ventricular pressure is small
enough to allow the blood release in ventricular cavities during ventricular filling. Since
the pulmonary and systemic circuits are only resistive, the blood is fully ejected from a
ventricle to the other, justifying why there is no need to consider the atrial contraction
during the ventricular filling.
Control and evolution of the heart rate
A first way to adjust the cardiac output is to change the cardiac frequency fc (or the heart
rate) since
Qcd = Ves fc (10)
where Ves is the stroke volume. This is the single variable that can quickly change for
delivering the cardiac output Qcd at the required value Qcr. This regulation is a function
of the difference between the required cardiac output Qcr and the delivered one Qcd. The
regulation of the heart rate acts as a feedback control of the cardiac output depending on
Kerfourn et al. EPJ Nonlinear Biomedical Physics  (2016) 4:1 Page 8 of 24
the “error”
ε = Qcrn − Qcdn. (11)
When the delivered cardiac output is less than the required cardiac output— as encoun-
tered in the beginning of a physical effort, for example — the heart rate increases until the
error ε becomes null. Contrary to this, when the delivered cardiac output is greater than
the required cardiac output, the heart rate decreases. The evolution of the heart rate can
thus be written as








where fcn+1 and fcn are the heart rate at the (n + 1)th and nth cardiac cycle, respectively.














if fcn + βfcn ε ≤ fc
1 otherwise
(13)
is an activation function expressing that the heart rate is bounded between a minimal fre-
quency fc and a maximal frequency fc. According to the last notation, the cardiac output
at the nth cycle is thus
Qcdn = Veln fcn (14)
where Veln is the left ventricular stroke volume at the nth cycle.
Evolution of the right and left end-diastolic volumes
During a cardiac cycle, each ventricle ejects a defined quantity of blood called the stroke
volume which is sent to the other ventricle via the pulmonary or the systemic circuits.
The evolution of the end-diastolic volume of a given ventricle thus corresponds to the
difference between the stroke volume ejected from a given ventricle and the stroke volume
coming from the other ventricle. As a component of the systemic circuit, kidneys have
the ability to adjust the blood volume1 by a volume Vkid that they can produce or remove.
Thus the right and left end-diastolic volumes Vdrn+1 and Vdln+1 at the (n+ 1)th cycle are
given by{
Vdrn+1 = Vdrn − Vern + Veln + Vkidn
Vdln+1 = Vdln − Veln + Vern
(15)
where Vdrn (Vdln) is the right (left) end-diastolic volume at the nth cardiac cycle, and
Vern (Veln) is the right (left) stroke volume at the nth cardiac cycle. We have thus a
cycle-to-cycle map between the two end-diastolic volumes. We now have to express how
the volume Vkidn produced by kidneys and the right (left) stroke volume Vern (Veln)
evolve.
Control of the external volume
A second way to adjust the cardiac output is to increase or decrease the total volume
of blood in the cardiovascular system. As for the heart rate, we consider that the total
blood volume is regulated by an error function between the required cardiac output Qcr
and the delivered one Qcd. If the delivered cardiac output Qcdn is less than the required
one Qcrn, kidneys increase the blood volume in the cardiovascular system. Contrary to
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this, if the delivered cardiac output is greater than the required cardiac output, some
blood is drained from the cardiovascular system. The regulation of the blood volume
Vkidn (drained or injected) at the nth cardiac cycle is given by
Vkidn = γfcn
ε + hV (Vdrn,Vdln) (16)
where fcn is the heart rate at the nth cardiac cycle, and γ is the volume that kidneys can
produce or remove at each cycle. The γ -value is chosen in such a way that the evolution








ε if ε > 0 and Vdrn + Vdln ≥ VT
0 otherwise
(17)
is an activation function expressing the maximum total volume VT that the heart can
reach.
Estimation of the right and left stroke volumes
The cycle-to-cycle evolution of the heart rate (12) and the evolution of the end-diastolic
volumes (15) depend on the right and left stroke volumes. In DE PATER and VAN DEN
BERG like-models [11], the cavities are described using voltage generators producing a
pressure corresponds to the contraction of the ventricles. Nevertheless, none of these
models describes the muscular development due to the occurrence of a pathology like a
pulmonary arterial hypertension.
The heart is a pump which can be viewed as a pressure generator producing the cardiac
output, but we can also see it as a cardiac output generator producing the pressure. We
prefer the latter point of view because our aim is to develop ameanmodel: we do not want
to describe accurately the pressure or the cardiac output evolutions that are supposed
to be constant during a cardiac cycle. Nevertheless we have information about the end-
diastolic volume and the heart rate that easily leads to the cardiac output without knowing
the pressure. Thus each ventricle is here described as a non-ideal cardiac output generator
producing i) the ejected outputQer (Qel) corresponding to the blood actually ejected from
the right (left) ventricle and ii) some backflow outputsQr (Ql) corresponding to the blood
retained in the ventricle (Fig. 3a).
Each of these two non-ideal current generators is made of an ideal current generator
associated with a resistor — the so-called backflow resistance — in parallel. The ideal
output generator ejects all the blood contained in the ventricle at the beginning of the
contraction: this is the end-diastolic volume Vdr or Vdl (Fig. 3b). The backflow resistance
is introduced to reproduce the blood volume retained in the ventricle: in other words,
everything happens as if this resistance was driving the fraction of non-ejected blood.
An increase of this resistance implies an increase of the contraction efficiency since less
blood is retained in the ventricle. We supposed that an increase in the backflow resistance
corresponds to the muscular development in the sense that this development leads to an
increase in the heart efficiency.
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(a)
(b)
Fig. 3 Schematic diagram (a) of the right ventricle ejection and its electrical analogy (b). The ventricle is
considered as a non-ideal cardiac output generator made of an ideal generator providing the ideal output
Qir , then split into an ejected output Qer corresponding to the blood actually ejected from the ventricle and a
backflow output Qr corresponding to the blood retained in the ventricle. In the electrical analogy blood flow
and pressure are replaced with current and voltage, respectively
To compute the stroke volume delivered by each ventricle, we used two electrical cir-
cuits corresponding to the pulmonary and the systemic circuits, respectively (Fig. 4). By
definition, the right and left ideal cardiac outputs are{
Qir = Vdr fc
Qil = Vdl fc (18)
where Vdr and Vdl are the right and left end-diastolic volumes, and fc the heart rate. In a
similar way, the ejected outputs are{
Qer = Ver fc
Qel = Vel fc (19)
where Ver and Vel are the right and left stroke volumes, respectively. The right and left
backflow outputs are defined according to{
Qr = (Vdr − Ver) fc = Vsr fc
Ql = (Vdl − Vel) fc = Vsl fc (20)
whereVsr andVsl are the right and left end-systolic volumes, respectively. Let us designate
by Rr and Rl the so-called backflow resistances in the right and left ventricles, respec-
tively, and by Rp and Rs the pulmonary and systemic resistances. Using the definition of
the backflow outputs and according to our electrical models Fig. 4), the pressure in the
pulmonary artery and the aorta are{
Ppa = RrQr = Rr Vsr fc
Paa = RlQl = Rl Vsl fc, (21)
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(a)
(b)
Fig. 4 Electrical models for the pulmonary (a) and systemic (b) circuits used for computing the stroke
volumes delivered by the right and left ventricles, respectively
respectively. According to the electrical models (Fig. 4), the right and left ejected volumes
at the nth cardiac cycle are
⎧⎪⎪⎨
⎪⎪⎩












These relations between the end-diastolic volumes (Vdrn and Vdln ) and the stroke vol-
umes (Vern and Veln ) describe – with respect to the model structure – the Frank-Starling
mechanism since an increase of the end-diastolic volume leads to an increase in the stroke
volume. In real situation, there is a saturation of the stroke volume due to physiologi-
cal limitation related to the decrease in the contraction efficiency when ventricles are
over stretched. Although this effect is well known, there is, in the literature, no volume
threshold at which the saturation occurs and the relationship between fiber length and
ventricular volume is not analytically expressed. Consequently, we did not introduce any
limiting factor to the Frank-Starling mechanism that is here supposed to be linear. Thus,
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which correspond to the proportions of blood actually ejected by the ventricles and
defined as the ratio between the stroke volume (Vex) and the end-diastolic volume














1 − ρl ,
(24)
respectively. These backflow resistances could be thus estimated in clinics since all the
parameters in Eq. (24) can be measured in patients.
Estimation of the pulmonary vein and vena cava pressures
The computation of the stroke volumes requires an estimation of the pressures Ppv in
the pulmonary vein and Pvc in the vena cava that appear in Eq. (22). The left and right
atrium pressures are supposed to be equal to these pressures. Since our model of the
cardiovascular system has only two cavities, the volumes in the atria are not considered.
Consequently, we need to approximate the venous pressures from the ventricles volumes.
The blood ejected by one of the ventricle goes to the opposite atrium where it stays until
the corresponding ventricle is in a relaxation state, during which the blood flows from
the atrium to the ventricle. If for any reason the ventricle cannot eject a normal quantity
of blood, the pressure inside the ventricle at the end of the ejection phase is greater than
in a normal situation. Such a feature induces a decrease in the blood transfer from the
atrium to the ventricle; the atrium pressure therefore increases too. It is thus possible to
relate the vein pressure to the end-systolic volume of the ventricle. The pressures can be
expressed as the products of a volume by an elastance (the opposite of a compliance), that
is, according to{
Pvc = Er Vsr
Ppv = El Vsl, (25)
where Ppv and Pvc are the pressures in the pulmonary vein and the vena cava, respectively;
Er (El) is the right (left) ventricular elastance and Vsr (Vsl) is the right (left) end-systolic
volume.
In our model, we assumed that the elastance is not constant and can be agumented by
an increase in the heart rate, in the wall thickness (represented by the Rr and Rl variables
in this model) and in the volume of the ventricle cavity according to{
Er = r fc Rr Vsr
El = l fc Rl Vsl, (26)
thus leading to{
Pvcn = r fcn Rrn Vsr2n
Ppvn = l fcn Rln Vsl2n
(27)
where r (l) quantifies the dependence between i) the elastance and ii) the heart rate,
the backflow resistance and the volume in the right (left) ventricle.
We supposed that an increase in the wall thickness leads to an increase in the wall stiff-
ness and, consequently, to an increase in its elastance. When the heart rate increases, the
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ejection duration decreases more slowly than the duration of the filling phase. Conse-
quently the volume in the atrium increases, leading to an increase in the veinous pressure:
such a phenomenon can be viewed, in our model where atria are neglected, as an increase
in the ventricular elastance. In a similar way, an increase in the end-systolic ventricular
volume induces a decrease in the ventricular filling (more filled the ventricle is, more dif-
ficult to continue the filling is) and, consequently, induces an increase in the blood volume
in the atrium: this effect is described as an increase in the elastance proportional to the
volume which, as previously explained, should depend on the heart rate. To the best of
our knowledge, the relationship between the ventricular volume and the veinous pressure
was not studied and remains to validate. Such a dependency was important to be able to
reproduce the proposed mechanism.
Control and evolution of the right and left backflow resistances
As we previously saw, increasing the backflow resistances can be used to model the
muscular development. Describing their evolutions is thus equivalent to describe the evo-
lution of myocardial cells. It is well-known that a subject at exercise develops his heart.
Consequently, an athlete has thicker myocardial walls than a subject never practising
sport. During strong exercise, the heart rate is strongly increased. A regular increase in
the heart rate must lead to a muscular development of the heart, that is, according to
our assumption, to an increase in the backflow resistances. Nevertheless, since our model
is only developed for reproducing the long-term cardiac remodeling induced by chronic
disease, exercises as performed by athletes are too short (typically one hour per day) for
being correctly described. We would need to include some short-term regulation mecha-
nisms as the baroreflex acting through pressure sensors in the aorta and carotid arteries,
for instance.
Moreover, cardiac muscular fibers have an intrinsic mechano-sensing mechanism trig-
gering their growth in response to an increase in load [24]. Such an increase in the cardiac
mass normalizes the stress on the walls as a compensation mechanism. Nevertheless, if
the volume increase is not bounded, the heart wall becomes too thick, inducing a lack
of contractile function, that is, a heart failure [24]. Thus we supposed that an increase
or a decrease in the end-diastolic volumes also lead to a change in the backflow resis-
tances. In our model, cardiac remodeling is due to an increase in the heart and/or in the
mechanical load: these two outputs are here treated in an independent way since there is
no information concerning the way they could depend on each other.
Since an overload of the ventricle can damage myocardial cells [25], we rewrote the
backflow resistance as
Rx = ηx Rx (x ∈ {r, l}) (28)
where ηx is the contraction efficiency and Rx is the maximum backflow resistance. When
there is a need for a muscular growth, although cardiac muscular fibers already reached
their maximal size, the contraction efficiency slowly decreases from 1 to 0.
Since the product of the heart rate by the end-diastolic volume has the unit of a flow
rate and matches to the ideal cardiac output
Qix = fcnVdxn (29)
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of the considered ventricle, we supposed that the ventricle stabilizes its ideal cardiac out-
put at the reference value Q∗ix. We therefore introduced the stabilization errors for the
ideal cardiac outputs as{
εrn = fcn Vdrn − Q∗ir






designates the reference right (left) ideal cardiac output. In this approach,
the ideal cardiac output is reached when the backflow resistance remains constant, that
is, corresponding to a heart without muscular development. Contrary to this, a positive
(negative) error εx leads to an increase (decrease) in the backflow resistance representing
a muscular development (atrophy).
Let us suppose that thicker the cardiacmuscle, more difficult themuscular development
becomes. This means that the increase rate of the maximal backflow resistance reaches
the upper limit when this resistance is null and, is at its lowest limit when it goes to infinity.
The cycle-to-cycle evolution of the maximum backflow resistances is thus as






if εxn > 0 (development)
αx otherwise (atrophy)
(31)
where εxn is the stabilization error of the ideal cardiac output given by Eq. (30) and, x ∈
{r, l} is a subscript for designating the right or left ventricle. When εxn < 0, the ideal
cardiac output is too low, inducing an atrophy at the rate αx. Contrary to this, when the
ideal cardiac output is too large (εxn > 0), a muscular development is induced, that is, the




) = αx fx (Rxn) (32)












represents the evolution of the increase rate of the backflow resistance where R∗x is the
maximum value reached by the backflow resistance. We choose the fx function for pro-
ducing a linear decrease from 1 to 0 zero when Rxn = R∗x : this means that, in such a case,
the increase in the ventricular muscle becomes more and more difficult, and finally stops
when Rxn = R∗x . When the maximum value for the backflow resistance is reached, there
is deleterous heart failure. Furthermore the function sigλ in Eq. (31) has the form
sigλ(x) = 2
( 1





where λ defines the slope at the origin of the sigmoid function.
To complete our model, we designed the evolution of the contractility efficiency as




if fx (Rxn) ≤ ε and εxn > 0 and ηxn > 0
0 otherwise
, (35)
where σx is the damage rate and ε is the damage threshold. This last equation estab-
lishes that when the maximum backflow resistance can no longer increase (fx (Rxn) ≤ ε)
although an increase in this maximum backflow resistance (εxn > 0) is expected, the
contractility efficiency ηxn associated with this resistance decreases.
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Synthesis
Our model for heart remodeling can be synthesized as⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩






if εxn > 0
−αx otherwise
ηxn+1 = ηxn +
∣∣∣∣∣∣∣∣
− σxfcn ηxn if fx (Rxn) ≤ ε and
εxn > 0 and ηxn > 0
0 otherwise
Vdrn+1 = Vdrn − Vern + Veln + Vkidn
Vdln+1 = Vdln − Veln + Vern
fcn+1 = fcn + βfcn εn ,
(36)
where
εxn = fcnVdxn − Q∗ix ; (37)
Vkidn = γ εn ; (38)
εn = Qcr − Qcdn ; (39)












with x ∈ {r, l} and⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩











Rln + Rs ,
(42)
that were obtained by injecting Eq. (27) into Eq. (22).
Pulmonary arterial hypertensionmodeling
Our model was developed without any loss of generality, that is, it is not specific to any
form of pathology and describes how a healthy subject can evolve under long-termmech-
anisms. More specifically, it was designed for studying the heart remodeling during the
evolution of a chronic disease. In the case of a pulmonary arterial hypertension, the evo-
lution of the pathology is simply reproduced by increasing the pulmonary resistance Rp
versus time. This resistance is therefore no longer constant and becomes a variable of the
model. The map for the pulmonary resistance is thus
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where Rp is the increase rate per beat of the pulmonary resistance. According to our
model, an increase in the pulmonary resistance induces an increase in the pulmonary
arterial pressure (Fig. 5).
Let us now investigate the case of a subject, initially healthy, who presents a slow
increase in his pulmonary resistance Rp described by the map (43). Among the initial con-
ditions reported in Table 2 and the parameter values in Tables 3 and 4, we choose a set of
physiological values (for parameter marked with a “*” in Tables 2, 3 and 4) corresponding
to a healthy subject when we found them in the literature [19, 21, 23, 26, 27]. The other
parameter values were chosen to reproduce the decompensation phase in order to show
the feasability of our approach. Our model does not use the cardiac output as a variable,
but the right and left initial stroke volumes which were supposed to be equal to the initial
values, that is,
Ver0 = Vel0 = Qcrfc0
= 70 ml (44)
a value resulting from the initial cardiac frequency fc0 and the required cardiac output
Qca. These stroke volumes then allow to compute the initial values of the right and left
maximum backflow resistances according to
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
Rr0 = Rp Ver0Vdr0 − Ver0 +
l fcn Rl0 (Vdl0 − Vel0)2
Vdr0 − Ver0
Rl0 = Rs Vel0Vdl0 − Vel0 +
r fcn Rr0 (Vdr0 − Ver0)2
Vdl0 − Vel0 .
(45)
Some of the parameter values used to characterize the left circuit (where the symbol
“≈” is used) were based on the parameter values retained for the right circuit in such a
way that
μl = Rl0Rr0 μr (46)
Fig. 5 Evolution of the mean pulmonary arterial pressure Ppa and the pulmonary resistance Rp versus time as
described by our model for reproducing the evolution of a pulmonary hypertension. The graph can be
divided into 4 parts: the first part (from day 0 to day 530) corresponds to the phase without any pulmonary
arterial hypertension (Ppa < 25 mmHg), the second part (from day 530 to day 1128) is the compensation
phase, the third part (from day 1128 to day 2315) is the decompensation phase, and the last part (from day
2315) corresponds to the “death zone” during which a patient can not survive
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Table 2 Initial conditions used for our simulation
Right end-diastolic volume * Vdr0 = 120 ml
Left end-diastolic volume * Vdl0 = 135 ml
Cardiac frequency * fc0 = 1.25 Hz (= 75 bpm)
Right backflow resistance Rr0 ≈ 0.222 mmHg.s/ml
Left backflow resistance Rl0 ≈ 1.08 mmHg.s/ml
Parameters with a “*” were extracted from the literature
The initial flow Qcd0 = 5.25 l/min is not an actual initial condition (because this is not a variable of our model) but is used for the
computation of the right and left backflow resistances
where μx designates a given parameter value (x ∈ {r, l}) and Rr0 and Rl0 are the right
and left backflow resistances at the initial time (t = 0). The ideal cardiac outputs were




Q∗il = fc0Vdl0 ;
(47)
these initial cardiac outputs are chosen to be stable, that is, associated with a null error,
thus ensuring the stability of the initial conditions at t = 0. We thus considered that
the initial conditions correspond to a stable situation until Rp is varied. The evolution
of the cardio-vascular dynamics is induced by the increase in the pulmonary resistance
as observed in a pulmonary arterial hypertension syndrome. During our simulations, the
subject was supposed to be at rest and, consequently, the required cardiac output Qcr
remained constant.
Results
Our simulations (Fig. 6) reproduce the two-phase evolution of the disease. The
first phase corresponds to the compensation during which only the right back-
flow resistance Rr increases, thus corresponding to a muscular development of the
right ventricle (Fig. 6c). During the compensation phase, the other model vari-
ables remained at constant values (Fig. 6a and 6d). The increase in the right
backflow resistance Rr is the main heart regulation mechanism ensuring the car-
diac output in the pulmonary circuit while the pulmonary resistance Rp increases.
Note that in our model, the increase in the pulmonary resistance Rp induces an
Table 3 Parameter values used in our model of the cardiovascular system with pulmonary arterial
hypertension
General parameters Units
Required cardiac output * Qcr = 87.5 ml/s
Slope of the sigmoid error function λ = 100 —
Increase rate of the cardiac frequency β = 160 Hz/ml
Kidney volume exchange rate γ = 2 · 10−3 s
Minimal cardiac frequency fc = 160 Hz
Maximal cardiac frequency * fc = 10060 Hz
Parameters with a “*” were extracted from the literature
This table contains general parameters (needed for the two parts of the heart) whereas parameter values specific to the left and
right sides of the heart are reported in Table 4. The required cardiac output chosen corresponds to Qcr = 5.25 l/min
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Table 4 Parameter values used in our model of the cardiovascular system with pulmonary arterial
hypertension
Left circuit Right circuit
Development rate αl ≈ 9.75 · 10−5 αr = 2 · 10−5 mmHg.s/ml
Atrophy rate αl ≈ 3.9 · 10−6 αr = 8 · 10−7 mmHg.s/ml
Elastance coupling parameter l = 9 · 10−4 r = 9 · 10−4 ml-1
Backflow resistance limit R∗l ≈ 2.93 R∗r = 0.6 mmHg.s/ml
Circuit resistance * Rs = 1.0 Rp = 0.1 mmHg.s/ml
Ideal cardiac output * Q∗il = 168.75 Q
∗
ir = 150 ml/s
Increase rate of pulmonary resistance Rp = 2.76 · 10−9 mmHg/ml
Damage rate σl = 4 · 10−9 σr = 4 · 10−9 Hz
Damage threshold εl = 10
−3 εr = 10−3 —
Parameters with a “*” were extracted from the literature
This table contains parameter values specific to the left and right sides of the heart whereas general parameters (needed for the
two parts of the heart) are reported in Table 3. To simulate a healthy subject, Rp = 0 would be used
increase in the pulmonary arterial pressure Ppa as a side effect: this variable is not
involved in our model but can be straightforward obtained using the term Ppa in
Eq. (21).
Since the resistance Rr of the pulmonary circuit increases as the disease progresses, the
pressure Ppa in the pulmonary artery must increase to answer the required cardiac out-
put Qr ≈ Ql (which is the quantity that is kept constant in our model). Consequently, the
power Pr = PpaQr = RrQ2r must increase too. The right ventricle is able to compen-
sate the evolution of the disease until the increase in the pulmonary resistance i) is slow
enough to allow the muscular growth and, ii) does not require a too large increase in the
power the right ventricle delivers. Indeed, when power Pr becomes equivalent to those
observed for a significant exercise, the subject becomes breathless due to the level of the
right side of the heart activity. Such a compensation is working until the right side of the
heart reaches its maximum development. Beyond this stage, the right side of the heart can
no longer ensure the required cardiac output and an other mechanism to supply the blood
circulation must be initiated. This is why the failure (or decompensation) phase occurs:
since the first necessity is to ensure blood circulation, we here supposed that, during the
decompensation phase, the left side of the heart starts to balance the right side failure by
working against the pulmonary arterial resistance through the systemic circuit (Fig. 6c). In
order to check the feasability of such a scenario, our model for long-term cardiac remod-
eling was thus proposed to be based on an increase in the heart rate and in a mechanical
load. This model thus showed that for appropriate parameter values the right side of the
heart is able to balance the increase in the pulmonary arterial resistance during the first
phase of the disease (compensation) as shown in Fig. 6c. Then, the left side of the heart
supplies the power to the blood flow that the right side of the heart can no longer provide
(see Fig. 6).
Indeed, during the decompensation phase, the right side of the heart can no longer
supply the required cardiac output since the right side reached its maximum value and
its efficiency thus decreases (Fig. 7a), leading to a decrease in the backflow resistance
(Fig. 6c). As a consequence of the decrease in the blood volume ejected from the right
ventricle, there is thus a small blood volume which is carried from the left side to the right





Fig. 6 Evolutions of the different variables of our model when the mean pulmonary arterial pressure is
progressively increased: mean pulmonary arterial pressure (a, b), heart rate (a), mean aortic pressure (b), right
and left backflow resistances (c) and right and left end-diastolic volumes (d). The graph can be divided into 4
phases: the first phase (from day 0 to day 530) corresponds to the phase without any pulmonary arterial
hypertension (Ppa < 25 mmHg), the second phase (from day 530 to day 1128) is the compensation phase,
the third phase (from day 1128 to day 2315) is the decompensation phase. The last part (from day 2315)
corresponds to the “death zone” during which the patient can no longer survive
side of the heart, but not from the right to the left side. Such a blood transfer is equal to
about 2.16 · 10−7 ml.min−1 at the beginning of the decompensation phase and to about
3.99 · 10−7 ml.min−1 when the heart rate saturates at its maximal value (just before the
increase in the volume due to the kidneys). The lack of blood in the left side of the heart
induces a decrease in the cardiac output which is balanced by an increase in the cardiac
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(a)
(b)
Fig. 7 Evolution of the efficiencies and the ejection fractions versus time. See caption of Fig. 6 for a
description of the four phases
frequency for maintaining the blood flow in the systemic circuit at the required value.
The increase in the heart rate thus induces an increase in the left backflow resistance,
meaning a muscular development of the left side of the heart. The failure of the right
side of the heart thus affects the left side. Moreover, a decrease in the ejection fraction of
the right ventricle is observed when the ejection fraction of the left ventricle remains at
a constant value (Fig. 7b), an effect sometimes clinically observed in a pulmonary arterial
hypertension.
The increase in the pulmonary resistance leads to an increase in the power developed
by the heart (Fig. 8). First, during the compensation phase, this increase is completely
ensured by the right ventricle. When the right resistance to backflow saturates — and is
therefore decreased — we observed an increase in the power delivered by the left ven-
tricle: it shows that the left side assists the right one in extreme cases. We also observed
that the increase in the power provided by the left ventricle is rather limited: in fact,
we see that the true limiting factor is not the power but the saturation of all the regula-
tion mechanisms. The main problem with a pulmonary arterial hypertension is that this
is a disease whose evolution cannot be stopped, even with a treatment. Consequently,
when the largest cardiac frequency authorized at rest in our model (100 bpm) and/or
the largest mechanical load which can be supported by the heart is reached, the cardiac
output decreases. These saturation phenomena lead to the death of the patient, here char-
acterized by the decrease in almost all variables (Figs. 6 and 8) due to the decrease in the
cardiac output: obviously, if the cardiac output is less than the required cardiac output,
the whole cardiovascular status does not allow the survival of the patient.
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Fig. 8 Evolution of the powers delivered by the left and right ventricles
Discussion
This dynamical model of the cardiovascular system is an iterative model where each iter-
ation corresponds to a new heart beat. This is a very interesting property of our model
which should be further developed for taking into account short-term processes as those
involved in the development of an athlete’s heart, for instance.
As it is well known [5], an increase in the pulmonary resistance leads to two distinct
phases. The first phase corresponds to a compensation during which the right ventricle
muscle grows without clear clinical symptoms, the heart pumping efficiency being not
affected. Such a compensation is followed by a cardiac failure state characterized by a
decrease in heart performances as a decrease in the ejection fraction which is associated
with an increase in the volume of the right cavity of the heart. There is not yet a clear
explanation for these two phases. The one here proposed seems to be feasible, at least
from the point of view of our model.
In the case of a pulmonary arterial hypertension, we performed a simulation for 2500
days (about 6 years and 10 months) of life (Figs. 6, 7 and 8); there is no need for a longer
simulation since the last part is already non-physiological, that is, a patient could not
survive when the cardiac output is no longer ensured.
Our model is not the first one to be designed for reproducing the cardiac remodeling
as the one observed with a pulmonary arterial hypertension. Let us mention, for instance,
the model developed by Rausch and co-workers [28] for describing the growth of soft bio-
logical tissue in the case of mechanically-induced wall thickening of the heart as observed
in a moderate hypertension. Contrary to our model, this model does not explicitely take
into account how the two ventricles can exchange blood and how the cardiac frequency
is affected. As far as we understood, this model shows an increase in the volume of the
right ventricle, even in the compensation phase, a fact which is not reported in the lit-
erature (see [29] for instance). Lumens and co-workers developed a multi-scale model
coupling the natural mechanics via the interventricular septum to the hemodynamics
dependency through the pulmonary and the systemic circulation [30]. They simulated
different pathological situations, including a pulmonary arterial hypertension. Neverthe-
less, the transition between the two phases of this disease was not clearly shown as in our
simulation. In particular, the inflation of the right ventricle only results from the stretched
myocytes, which is in fact similar to what is observed with overloaded pressure [29].
Taking into account the appropriate regulation mechanisms and well-chosen parameter
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values, our model has therefore the advantage to show the possibility to explain the two
phases clinically observed with a pulmonary arterial hypertension, just by increasing the
pulmonary arterial resistance. Moreover, our model has also the advantage — compared
to the two previous models — to work with a time step equal to the duration of one
cardiac beat; short-term regulation mechanisms (other than the variation of the cardiac
frequency) could be thus included in it. This is postponed for future works.
Even if the results obtained with this model seem to be very interesting, there are some
limitations which should be mentioned. Due to the lack of acurate measurements in a
cohort of patients, this study can only provide qualitative insights. In particular, some
parts of this model would require a validation and perhaps some light modifications.
One important limitation lies in the Frank-Starling mechanism, which is linearly mod-
eled in our study. It means that an increase in the ventricular volume always leads to an
increase in the cardiac output. We know that it is not rigorously true in particular when
the volume takes large values, but we did not find threshold values beyond which this
approximation is no longer valid. Consequently, to avoid to add two parameters with non
justified values — one per side of the heart — we only considered a linear Frank-Starling
mechanism.
Another important point consists in the dependency of the elastances of the pulmonary
vein and of the vena cava on the heart rate and, in turns in the estimation of the venous
pressure from the end-systolic volume, the heart rate and the resistance to backflow. The
relationships we proposed influence all the variables since it has an effect on the stroke
volume and on the power. Our results were very sensitive to the choice of that dependency
and we tuned the parameter values to show the feasibility of the proposed mechanism. To
the best of our knowledge, this type of relationship was not investigated in the literature
and there is no available data to support (or not) our assumptions. We do believe that our
results could open further studies in that directions.
Our model was clearly designed for reproducing long-term features as those induced by
chronic disease like a pulmonary arterial hypertension. In order to keep it quite simple,
we had to neglect some regulation loops as exemplified by the baroreflex acting through
pressure sensors in the aorta and carotid arteries or by the beta adrenergic simulation
inducing a modification of heart contractility. Consequently, the present model should be
extended to reproduce some short-term features induced by daily exercises, for instance.
A last limitation of our model is related to the total volume growth. We supposed that
the regulation of the total volume has a direct influence on the cardiac output, leading to
an equation with the same form as the equation established for the heart rate. Due to an
increase rate of the volume slower than those observed for the heart rate, the increase in
the volume occurs after the saturation of the heart rate. Moreover, we did not model the
variations of blood volume due to vasoconstriction and vasodilatation effects. To end this
discussion, a not necessary trivial protocol should be designed to validate, at least partly,
the hypothesis used for developing our model.
Conclusion
We first developed a static model to quickly check the feasability of a possible explanation
for the inflation of the right ventricle during the decompensation phase of a pulmonary
arterial hypertension. By using a mean behavior — meaning that the pulmonary and
systemic circuits are only resistive — the model can predict the assistance of the right
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ventricle by the left one. The left ventricle increases the pressure in the systemic circuit
to reduce the work produced by the right ventricle. This increase of pressure induces the
inflation of the right ventricle. The resulting increase in the power delivered by the left
ventricle only corresponds to a light exercise, while it was corresponding to a significant
exercise when the right side of the heart was compensating the increased resistance of the
pulmonary artery. There is thus an advantageous energetic compensation when the left
side of the heart assists the right side of the heart.
In modeling the response of the heart to a pulmonary arterial hypertension by an
increase in the backflow resistance, our dynamical model for the cardiovascular circula-
tion was able to reproduce the two phases of this disease as they are clinically reported
[5]. During the first phase, the right side of the heart balances the resistance increase by
a muscular development (modeled by a backflow resistance), thus leading to an hyper-
trophied right side of the heart. The second phase corresponds to the failure of the right
side of the heart to supply the cardiac output due to a large pulmonary resistance; the
reduction of the cardiac output is balanced by a very slow blood transfer from the left to
the right side of the heart, thus leading to an increase in the blood volume in the right
ventricle, inducing an increase in the pressure in the inflated right side of the heart. As a
consequence, the blood pressures in the aorta and in the vena cava are also increased. A
pulmonary arterial hypertension is often associated with an elevated arterial pressure but
when related to the left side of the heart, it is always considered that this is due to a “left
heart disease” [31–33] and not to a possible compensation of the failure of the right side
of the heart by its left side. The latter scenario, which is here proposed, is therefore not
clinically documented. Our dynamical model also predicts an increase in the heart rate, a
feature sometimes reported during decompensation.
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